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Abstract 

Explicit descriptions of local integral Galois module generators in certain extensions 
of p-adic fields due to Pickett have recently been used to make progress with open 
questions on integral Galois module structure in wildly ramified extensions of number 
fields. In parallel, Pulita has generalised the theory of Dwork's power series to a set of 
power series with coefficients in Lubin-Tate extensions of Q p to establish a structure 
theorem for rank one solvable p-adic differential equations. 

In this paper we first generalise Pulita's power series using the theories of formal 
group exponentials and ramified Witt vectors. Using these results and Lubin-Tate 
theory, we then generalise Pickett's constructions in order to give an analytic represen- 
tation of integral normal basis generators for the square root of the inverse different 
in all abelian totally, weakly and wildly ramified extensions of a p-adic field. Other 
applications are also exposed. 

Introduction 

The main motivation for this paper came from new progress in the theory of Galois 
module structure. Indeed, explicit descriptions of local integral Galois module gener- 
ators due to Erez [5] and Pickett [16] have recently been used to make progress with 
open questions on integral Galois module structure in wildly ramified extensions of 
number fields (see [18] and [23]). 

Precisely, let p be a prime number. Pickett, generalising work of Erez, has con- 
structed normal basis generators for the square root of the inverse different in degree p 
extensions of any unramified extension of Q p . His constructions were obtained by us- 
ing special values of Dwork's power series. Moreover, they have recently been used by 
Pickett and Vinatier [18j to prove that the square root of the inverse different of E/F 
is free over Z[G] under certain conditions on both the decomposition groups of G and 
the base field F, when E/F is a finite odd degree Galois extension with group G. 

In parallel, Pulita has generalised the theory of Dwork's power series to a set of 
power series with coefficients in Lubin-Tate extensions of Q p in order to classify rank 
one p-adic solvable differential equations [19] . 
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Our main goal was to generalise Erez and Pickett's construction in order to give 
explicit descriptions of integral normal basis generators for the square root of the inverse 
different in all abelian totally, weakly and wildly ramified extensions of a p-adic field. 
In this paper, our goal is totally achieved using a combination of several tools : formal 
group exponentials, Lubin-Tate theory, and the theory of ramified Witt vectors. This 
leads us to generalise Pulita's formal power series to power series with coefficients in 
Lubin-Tate extensions of any finite extension of Q p . 

At the same time, we also get explicit generators for the valuation ring over its 
associated order, in maximal abelian totally, weakly and wildly ramified extensions of 
any p-adic field. 

Notation. Let p be a rational prime, and let Q p be the field of p-adic numbers, 
Q p be a fixed algebraic closure of Q p and C p be the completion of Q p with respect 
to the p-adic absolute value. We let v p and | \ p be the normalised p-adic valuation 
and absolute value on C p such that v p (p) = 1 and \x\ p = p~ v p( x \ As v p and | \ p are 
completely determined by each other, either can be used in the statement of results; we 
will use the valuation v p as this is the convention in the literature on Galois modules 
in Lubin-Tate extensions. 

Throughout this paper, for any extension K/Q p considered we will always assume 
K is contained in Q p and we will denote by Ok, Vk an d k its valuation ring, maximal 
ideal and residue field respectively. We identify the residue field of Q p with the field 
of p elements, F p . For any n G Z>o, we denote by fi n the group of nth roots of unity 
contained in Q* . 

Presentation of the paper. Let 7 G Q p be a root of the polynomial X'^ 1 + p. 
Dwork's exponential power series with respect to 7 is defined as 



where the right hand side is the composition of the two power series j(X — X p ) and 
exp(X). Dwork's power series is over- convergent, in the sense that it converges with 
respect to | \ p on an open disc {x G C p : v p (x) > c} for some c < ([H], Chap. 14, §2, 
Remark after Lem. 2.2); it also has the property that £7(1) is equal to a primitive pth 
root of unity in Q p (p3], Chap. 14, §3, Thm 3.2). 

Dwork's power series was recently generalised by Pulita [19] to a set of power series 
with coefficients in Lubin-Tate extensions of Q p : Let f(X) G 7L P \X\ be some Lubin-Tate 
polynomial with respect to the uniformising parameter p, i.e., 



Let {wj}j>o be a coherent set of roots associated to P(X), namely a sequence of el- 
ements of Q p such that uj\ 7^ 0, P{ui) = and P(uj; L+ i) = cof, we refer to u n as an 
nth Lubin-Tate division point with respect to P. For n G Z>o, Pulita defines the 
exponentials 



£ 7 (X) = exp( 7 (X - X p )) G 1 + XZp[[X]] 



P(X)=X P mod pZ p [X] and P{X)=pX mod I 2 Z P [I] . 



E P , n (X) = exp [J2 




(x pl -xp 1+1 ) 



G l + XZ p [oj n ][[X}} . 
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This generalises Dwork's power series as Ep t i(X) = E^(X) when P(X) = X p +pX. 
For all choices of P(X) and n, the power series E n {X) is over-convergent and has the 
property that E n {\) is a primitive p n ih. root of unity £ p n in Q p . Comparing degrees 
then shows us that Q p (u} n ) = Q p (Cp n ) for all n and all choices of P(X). We remark 
that this result is also a consequence of basic Lubin-Tate theory, see [15] or [20] for 
details of this theory. 

In this paper, we first generalise Pulita's exponentials to power series with coef- 
ficients in Lubin-Tate extensions of any finite extension K of Q p , in particular by 
combining Frohlich's notion of a formal group exponential ([7], Chap. IV, §1) with the 
theory of ramified Witt vectors. Note that we impose no other restrictions on our 
base field K and no restrictions on the uniformising parameter used to construct the 
Lubin-Tate extensions of K. Inspired by the methods of Pulita, we prove the following 
core result of the paper : 

Theorem 1 Let K be a finite extension of Q p , with valuation ring, maximal ideal and 
residue field denoted by Ok, Vk and k respectively. Let q = card(k) for some power q 
of p. 

Let 7r and n' be two uniformising parameters for Ok, and let P, Q G 0r-[LX"]] be 
Lubin-Tate polynomials with respect to it and ir' respectively, i.e., 

P{X)=X q mod irO K [X] and P(X) = ttX modI 2 ^[X] . 

We write Fp G F]] for the unique formal group that admits P as an endo- 

morphism and exp Fp G for the unique power series such that 

exp Fp (X + Y) = F P (e WFp (X),ex VFp (Y)). 

Let {o;j}j>o be a coherent set of roots associated to Q. 

1. For every n > 1, the formal power series 

£% n (X) := exp Fp I ^ \ 

lies in XOx[oj n ][[X]] ; and is over-convergent if ir = ir' mod V K + . 

2. Moreover, we have the congruence £p (X) = uj n X mod o^XOx [w n ][LX"]]. 

To compare to Pulita's result, we remark that if K = Q p , ir = it' = p, and P (X) = 
(X + if _ i ; then £% n (X) = E Q , n (X) - 1. 

We then apply Theorem[T]to give two explicit results in Lubin-Tate theory. For each 
integer n > 1, we denote by K nn the n-th Lubin-Tate extension of K with respect to ir. 
This extension is abelian and totally ramified, with degree q n ~ 1 {q — 1) and conductor n. 
Let P G be a Lubin-Tate polynomial with respect to ir. The extension K^^/K 

is generated by any primitive n-th Lubin-Tate division point with respect to P, i.e., 
any element oo G Q p such that P^ n \oj) = whereas P( n ~ l '{uj) ^ 0. 
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As a first application of Theorem [TJ we give an analytic representation of Lubin- 
Tate division points as values of the power series £p n (X) for all n > 0. Precisely, 
keeping the same notation, we prove : 

Proposition 1 1. If tt = tt' mod then £p m (l) is a primitive mth Lubin- 

Tate division point with respect to P, for all integers m with < m < n. 

2. If tt' = tt, then {£pj-(l)}i>o *s a coherent set of roots associated to P(X). 

Another application of Theorem [JJ is concerned with an explicit description of the 
action of the Galois group Gal^K^^/K) over the Lubin-Tate extension K^ n for all 
n > 1. Indeed, since Sp (1) is a primitive nth Lubin-Tate division point with respect 
to P, from standard theory (see [TT], §6-7, specifically Theorem 7.1) we know that the 
elements of Gal{K^ jn / K) are those automorphisms such that £p n (l) i-> [u]p(£p n (l)), 
where u runs over a set of representatives of K j(\ + V K ) — here [u]p(A) is a specific 
power series in see Section 1 1.1 1 for full details. Therefore, the following 

proposition gives a complete description of Gal(K njn / K) in terms of values of our 
power series. 

Proposition 2 let tt = tt' mod V K +1 . For < i < n — 1, let Zi & U {0} with 
zq 7^ 0. Then, 

71-1 

E ^VC^nC 1 )) = f P,n(^) +^ ^P,n-l(^l) ■ ■ ■ +F P ^l(^n-l) ■ 

i=0 

Note that, when zi = • • • = z n _i = 0, this proposition implies the relation 

£ P,n( z o) = [ z o\p{£p n (X)) , for all z G H q - X . 
This is a generalisation of ([13], Chap. 14, Thm. 3.2). 

Finally, we shall prove our second main result, as a consequence of Theorem [JJ and 
Proposition [TJ : we use the power series £p 2 {X) to construct explicit normal basis 
generators in abelian, weakly and wildly ramified extensions of any p-adic field. In this 
manner, we generalise the constructions of Erez and Pickett, and give support towards 
the resolution of open questions in Galois module structure theory : 

Theorem 2 Let K be a finite extension ofQ p , with valuation ring Ok, residue field 
k and residue cardinality q. Fix a uniformising parameter tt of K and let P(X) = 

X " + SXa a i xi + ^ x be 

some Lubin-Tate polynomial of degree q with respect to tt. 
Let M,,-^ be a maximal abelian totally, weakly and wildly ramified extension of K . Let 
Am„ 2 /k denote the unique fractional ideal in M^ t 2 whose square is equal to the inverse 
different of M^^jK (see Section[3U\). 

Let tt' G K be another uniformising element of K, with tt = tt' mod p K ; and let 
Q € Ox [A] be a Lubin-Tate polynomial with respect to tt' . 

Ifv p (a q -i) =v p (tt), then 
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1. the trace element Tr Kn 2 / Mjt 2 (£p 2 (l)) is a uniformising parameter of M n ,2 an d 
a generator of the valuation ring Om v2 of M^p over its associated order in the 
extension M^^/K ; 

2. if p is odd, then the elements 

and ■ 

7T 7T 

are both generators of Am w 2 /k over Ok [Gal(M n> 2/K)] . 

Furthermore, Part 2 of this theorem will enable us to give explicit integral normal 
basis generators for the square root of the inverse different in every abelian totally, 
weakly and wildly ramified extension of any p-adic field (see Corollary 13, 2p . 

We also remark that in this second part, the first element seems the more natural, 
however the second is in fact the generalisation of Erez's basis generator for the square 
root of the inverse different. If these basis generators can be used in local calculations 
in a similar way to those of Erez and Pickett, it should be possible to solve the case of 
whether Ae/f is f ree over ^[G] whenever the decomposition groups at wild places are 
abelian and in particular whenever E/F itself is abelian. We hope this will be possible 
in the future, however, so far these calculations have eluded us. 

Organisation of the paper. This paper is organised into three sections. In Sec- 
tion [TJ we give the background to the theory we need to prove our results. Precisely, 
we first introduce Lubin-Tate formal groups in their original setting and also in terms 
of Hazewinkel's so called functional equation approach. We also introduce Frohlich's 
notion of formal group exponentials and logarithms. Following work of Ditters, Drin- 
feld, and Fontaine and Fargues, we finally introduce the theory of ramified Witt vectors 
needed to generalise Pulita's methods. In Section [21 we study the properties of the 
power series £p n (X) and prove Theorem [TJ We also improve on Frohlich's original 
bound of the radius of convergence of any formal group exponential coming from a 
Lubin-Tate formal group over a non-trivial extension of Q p . In Section [3j we explore 
the applications described above and prove Propositions [TJ and [21 as well as Theorem [21 

1 Background 
1.1 Formal groups 

Let A be a commutative ring with identity. 

Definition 1.1 We define a 1-dimensional commutative formal group over A to be a 
formal power series F(X,Y) € -A[[X, Y]] such that 

1. F(X,Y) = F(Y,X) 

2. F(X,F(Y,Z)) = F(F(X,Y),Z) 



5 



3. F(X,0) = X = F(0,X) 

Throughout, all the formal groups we consider will be 1- dimensional commutative for- 
mal groups. For brevity we will now refer to these simply as formal groups. 

Properties 1-3 can be used to prove that there exists a unique j(X) G such 
that F(X,j(X)) = (see Appendix A. 4. 7 of [9]). This means that the formal group 
F(X,Y) endows AA[[A"]], among other sets, with an abelian group structure. 

Notation 1.2 When considering a set endowed with such a group structure we write 
the group operation as +p. We will also use the notation —p to determine this group 
operation composed with the group inverse, for example 

F(X,Y) = X+ F Y and F(X, j(Y)) = X - F Y . 

Definition 1.3 Let F(X,Y) and G(X,Y) be two formal groups over A. A homomor- 
phism over the ring A, f : F(X,Y) — > G(X,Y), is a formal power series f(X) G 
XA[[X]] such that 

f(F(X,Y)) = G(f(X),f(Y)) . 

Moreover, we say that the homomorphism f is an isomorphism if there exists a homo- 
morphism f^ 1 : G{X,Y) F(X, Y) such that f{f~ l {X)) = f~ 1 {f{X)) = X. 

Lubin-Tate formal groups 

We now describe a special type of formal group, due originally to Lubin and Tate. Such 
formal groups are used in local class field theory to construct maximal totally ramified 
abelian extensions of a p-adic field K. For full details see, for example, [15] or |20| . 

Let K be a finite extension of Q p , fix a uniformising parameter ir of Ok and let 
q = \Ok/Vk\ be the cardinality of the residue field of K. 

Definition 1.4 We define as the set of formal power series P(X) over Ok such 
that 

P(X) = ttX mod X 2 C>^[[A]] and P(X) = X q mod ttO k [[X\] ■ 

Such power series are called Lubin-Tate series with respect to it. 

For each P G there exists a unique formal group Fp(X,Y) G Y]] which 

admits P as an endomorphism. Such formal groups are known as Lubin-Tate formal 
groups. For each P € J- w and each a € Ok, there exists a unique formal power series, 
[a] P (X) G XO K [[X]\, such that P([a] P (X)) = [a] P (P(X)) and 

[a]p{X) = aX mod X 2 O k [[X}\ . 

Further, the map a >— > [a]p(X) is an injective ring homomorphism Ok —> Endo x (i ? p) 
and for any P,Q G J- n , the formal groups Fp(X, Y) and Fq(X, Y) are isomorphic over 
Ok- 
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Let V<c p = {x G C p : v p (x) > 0}. For P(X) G and a G Ok, the formal power 
series Fp(X,Y) and [a]p(X) converge to limits in Vc p when evaluated at elements of 
Vc p - We can thus use the abelian group operation +p and the injective ring homo- 
morphism a i— > [a]p(X) to endow Vc p with an O^-module structure. For every n > 1, 
we then let 

Tp jn = {x G 7> Cp : K]p(x) = 0} 

be the set of 7r n -torsion points of this module and refer to it as the set of the nth 
Lubin-Tate division points with respect to P. If x G Tp tTn if and only if m < n, then 
we say x is a primitive nth division point. 

We let 

Kn,n = K(Tp :n ) and K n = U n K nin . 

The set Tp <n depends on the choice of the polynomial P(X) but the field K n , n depends 
only on the uniformising parameter tt. The extensions K n ^ n /K are totally ramified, 
abelian and of degree q n ~ 1 {q — 1). We have K ab = K n K un and K un n K n = K, where 
K ab and K un are the maximal abelian and unramified extensions of K respectively. 



Hazewinkel's approach to Lubin-Tate formal groups 

We now describe a different approach to the construction of Lubin-Tate formal groups 
due to Hazewinkel. This approach enables us to use Hazewinkel's functional equation 
lemma to prove the integrality of various power series relating to formal groups, which 
will be essential in the sequel. For full details see [9] (Chap. I, §2). 

Recall that p is a rational prime, K is a finite extension of Q p , tt is a fixed uni- 
formising parameter of Ok and q is the cardinality of the residue field of K. For any 
series g{X) G XC?a-[[X]] we construct a new power series f g (X) G by the 

recursion formula (or functional equation) : 



f g (X) = g(X) + 



f 9 (X q ) 



TT 

We denote by G Xi^T[[X]] the unique power series such that 



f g (f g \X))=X = f-\f g (X)) . 

Note that if f g (X) G XOk[[X]] and the coefficient of X in f g {X) is invertible in Ok, 
then f g l {X) G XO K [[X]], see A.4.6]. 

We now state two parts of the functional equation lemma for this special setting. 
For the full statement in all generality and its proof, see [9j §2.2-2.4]. 

Theorem 1.5 (Hazewinkel, [H 2.2]) Letg(X),h(X) G XO K [[X]] and suppose that 
the coefficient of X in g(X) is invertible in Ok- Then, 

1. f-\f g {X) + f g (Y))zO K [[X,Y]\. 

2. f-^UX)) e XO K [[X]]. 
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It is routine to check that f g l (f g {X) + f g (Y)) is a formal group and from part 1. of 
the previous theorem we know that it has coefficients in Ok- In fact, it is a Lubin-Tate 
formal group and every Lubin-Tate formal group can be constructed in this manner. 
This link is described in the following proposition. 

Proposition 1.6 (Hazewinkel, [9, 8.3.6]) Let g{X) <E XO K [[X\) with 

g(X)=X mod X 2 O k [[X]\. 

Then, 

1. fg^fgiX)) G T v . 

2. If we let P(X) = f g l (irf g (X)), then F P (X,Y) = f g l {f g {X) + f g (Y)). 

3. These relations give a one to one correspondence between the Lubin- Tate formal 
groups obtained from power series P(X) G J 7 ^ and power series g(X) G XC?a-[[X]] 
with g{X) = X mod X 2 O k [[X]]. 

We also observe that for any a G Ok, substituting h(X) = ag(X) into part 2 of 
Theorem O then gives us f g l \af g {X)) G O k [[X}], and so if P{X) = f g l (nf g (X)), 
then 

[a] P (X) = f g \af g (X)) . 



Formal group exponentials 

Hazewinkel's power series f g (X) and f~ 1 (X) can be thought of as special formal group 
isomorphisms which were first studied by Frohlich in ([7], Chap. IV, §1). 

Let E be any field of characteristic 0, let F(X, Y) be a formal group over E and let 
G a (X,Y) = X + Y be the additive formal group. There exists a unique isomorphism 
log P : F -> G a over E such that log^(^) = X mod ^C 2 £/[[JC]], known as the formal 
group logarithm (loc. cit, Prop. 1). The inverse of log^p(X) is known as the formal 
group exponential and is denoted by exp F (X); we note that necessarily we also have, 
exp F (X) = X mod X 2 E[[X}}. 

Now let F(X, Y) = F P (X, Y) = f g l {f g {X) + f g {Y)) be a Lubin-Tate formal group 
for K as in Prop. 11.61 We then have 

f g {X)=\og F (X) and f g 1 (X)=exp F (X) (1) 

and these power series are uniquely determined by the following equivalent identities: 

F(X,Y) = exp F (log F (X) + log F (Y)) 
log F (F(X,Y)) = log F pO+log F (y) (2) 
exp F (X + Y) = F(exp F (X),exp F (y)) 

We also observe that, 

[a] P (X) = exp F (a log F (X)) . (3) 
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Remark 1.7 The reason these power series are referred to as formal group exponen- 
tials and formal group logarithms is that if K = Q p , then P{X) = (X + l) p — 1 £ Tp 
and Fp(X,Y) = X + Y + XY = G m , the multiplicative formal group. We then have 
ex.p Fp (X) = exp(X) — 1 and \og F (X) = log(X — 1) where log and exp are the standard 
logarithmic and exponential power series. 

1.2 Witt vectors 

This section is concerned with the notion of ramified Witt vectors, generalising the 
classical theory of Witt vectors introduced by Witt in his original paper [26j . This 
notion was first developed independently by Ditters [3] and Drinfeld [4], and then by 
Hazewinkel [ID] from a formal group approach in a more general setting. The reader 
is also referred to Section 5.1 of the current preprint [12] of Fontaine and Fargues. 

Standard Witt vectors 

We first briefly recall the construction of "standard" Witt vectors. Let p be a prime 
number, and let Xq,Xi,... be a sequence of indeterminates. The original Witt poly- 
nomials are defined by : 

n 

Vn > 0, W n (X ,...,X n ) = Y,P lX f" G Z[X ,...X n ] . 

i=o 

The standard Witt vectors can be constructed as a functor W : A \— > W(A) from 
the category of commutative rings to itself. Precisely, if A is a commutative ring, we 
first define W(A) as the set of infinite sequences A z ^°. The elements of W(.A) are 
called Witt vectors, and to each Witt vector x = (a n ) n £ W(A), one can attach a 
sequence (a^ n ') n € j4 z >o whose coordinates are called the ghost components of x and 
are defined by the Witt polynomials : = W ra (ao, a n ), for all n > 0. 

The set W(^4) is then uniquely endowed with two laws of composition that satisfy 
the axioms of a commutative ring, in such a way that the ghost map Fa '■ (a n ) n G 
i— > (ci' n ') n € A —° becomes a ring homomorphism. 

Under this functor, any ring homomorphism ip : A — > B is sent to the ring homomor- 
phism W(ip) : W(A) — > W(B) which is defined componentwise, i.e., W(<p)((a n ) n ) = 
((p(a n )) n . See ([I], Chap. IX) for more details. 

Ramified Witt vectors 

Let p be a prime number. Let K be a finite extension of Q p , with valuation ring 
Ok and residue field k. We fix a uniformising parameter ir of Ok, and write k = ¥ q 
with q = pf. Ramified Witt vectors over Ok are constructed as a functor Wo K ,n '■ 
A i-> Wo K ,w(A) from the category of O^-algebras to itself, starting with generalised 
Witt-like polynomials and then proceeding along the lines of the construction of the 
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usual Witt vectors. For convenience, as well as to collect some useful properties of the 
ramified Witt vectors, we shall briefly describe this functor. 



In the case of ramified Witt vectors, the relevant polynomials are : 

n 

Vn > 0, W n ,o K A X o,-,Xn) = J>*xf " G O K [X ,...,X n ] . 

i=0 

Let A be an O^-algebra. We first define Wo KtW (A) as the set A z >° as the set of 
infinite sequences over A. We shall use the notation (a n ) n for elements in Wo k ,tt(A), 
and (a n ) n for elements in A z ^°. 

If (a n ) n G Wo K ,ir(A), we define its ghost components as = W nj e> Kj7r (ao, a n ) 
for all n > 0. The sequence (a^°\ ...) is called the ghost vector of (a n ) n . This 
defines a map, that we shall denote by F-^^kA or simply by when the setup is 
explicit, called the ghost map of A : 

r A : w OK A A ) — > 

{a n ) n i-> (a (n) )„ . 

The following lemma is essential for what follows. 

Lemma 1.8 Let A be an Ox-algebra with no ir-torsion. Then, the ghost map T A is 
injective. If, moreover, there exists an Ox-algebra endomorphism a : A — > A such 
that a(a) = a q mod it A for all a £ A, then the image of Ta is the sub-algebra of the 
product algebra A z ^° given by 

{{u n ) n >o G A z >° : a{u n ) = u n+1 mod 7r n+1 A} . 

Proof. We proceed along the lines of (pQ, No 2, Sect. 1, Par. 1 & 2), replacing 
multiplication by p by multiplication by ir, and replacing p by q in the exponents. The 
first assertion is a consequence of the equivalence 

(*) L^((o n ) n ) = (u n ) n <w- I , q n \ . n +x 

Therefore, for every sequence (u n ) n G A z ^°, there exists at most one element (a n ) n G 
Wq k ,-k{A) such that T A ({a n ) n ) = ( 

The second assertion is a consequence of the following relation that can easily be 
proved in the same way as Lemma 1 of (p], No 2, Sect. 1), since q G irOx ■ 

Vi )2 /ei,Vn>0,Vm>l : x = y mod ir m A x 9 " = y qU mod vr m+n ^ . 

In particular, for m = 1 and for any sequence (a n ) n G Wo k ,-k(A), this implies that 

cKW^e^^ao, ...,a n )) = W n ,o K)7 r(o"(«o), — ,o-(a n )) 

= Wn,o K Aal,...,a q n ) mod7r n+1 A 

= yV n +l,O K .n(a , ...,a n+ i) mod ir n+1 A 
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Therefore, according to (*), we can prove by iteration on n > that a sequence (u n ) n 
is in the image of Ta if and only if a(u n ) = u n+ \ mod ir n+1 A for all n. ■ 

In particular, the O^-algebra A = C>x[(X n ) n , (Y n ) n ], endowed with the O^-endomorphism 
a given by a{X n ) = Xn and cr(Y n ) = Y%, satisfies the above lemma and is such that Ta 
is bijective because the relation cr(a) = a q mod ttA is satisfied for all a G A. There- 
fore, the map Ta transfers the structure of an O^-algebra to Wo K (OK[(X n ) n , (Y n ) n ]). 
Moreover, for all n > and all x G Ok, this defines polynomials S n and P n in 
O K [X , X n ,Y , ...,Y n ], I n and C x , n in O K [X , ...,X n ] and F n in O K [X , X n +i] 
such that 

r A (s ,s lf ...) = r A (x o ,Xi,...) + r(y o ,yi,..0 > 
r^PcPi,...) = r A (x ,^i,...) xr^(y ,n,-) , 

rA(Ca;,OjCa!,lj •••) = X ■ T A (Xo, X\, ...) , 

r^Fo,^,-) = (i (1 U (2) ,..-) • 

Now, for any arbitrary C^-algebra A, we endow the set Wo Kj7 t(A) with laws of 
composition given by 

{("n)n ~\~ ipnjn — (S n (ao, ...,a n ,bo, 
(a n ) n x (b n ) n = {P n (ao,...,a n ,b ,...,b n )) n . 
x ■ (a n ) n = (C x>n (ao, a n ))n 

Moreover, if <p> : A' — > A is any homomorphism of O^-algebras, we define the 
map W 0k ,tt(^) ■ Wo K ,n(A') -4 W 0k ^{A) component- wise, i.e., We> K ,7r(^)((an)n) = 
(v(an))n- This map commutes with the previous laws of composition. 

Next, for a fixed ©^--algebra A, we consider the O^-algebra B = OK[(X a ) ae A] 
which satisfies the assumptions of Lemma 11.81 with o~(X a ) = X%. In particular, the 
ghost map Yb induces a bijection between Wo k ,tt{B) and some subalgebra of B z ^° 
that respects the previous laws of composition, which gives Wo K ,n(B) the structure 
of an 0^-algebra. Now, the surjective homomorphism p : X a G B i— > a G A yields a 
surjective map Wo K ,-w{p) ■ Wo K ,w(B) — > Wo K ,n(A), which endows Wo K ,n(A) with the 
structure of an O^-algebra as well, thereby proving the following: 

Proposition 1.9 ( [12J , Lemme 5.1) The set-valued functor T : {Ok -algebras} — > 
Sets given by A i-> yl z >o factors through a unique Ok -algebra-valued functor 

Wo Kj n ■ {Ok -algebras} — > {Ok -algebras} 

such that, for any OK-algebra A, the ghost map Ta ■ (ai)«>o £ Wo K ,n(A) i-> iW n ,o K ^( a o-, • ••> «n))n>o 
zs a homomorphism of Ok -algebras. 

In particular, Wo k ,-k{A) is a OK-algebra with Witt vector (0,0,...) as £/te zero 
element, and Witt vector (1,0,0,...) as the identity element. 

An important remark is that, if tt' is another uniformising parameter, there exists 
a unique isomorphism of functors, u w y, between Wq k ,-k and Wo K y, that commutes 
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with the ghost maps (see Section 5.1 of |12|). In particular, this is the reason why 
elements of Wo Ki7r (A) are simply called ramified Ok -Witt vectors. 

Let A be an C^-algebra. There are three maps that play a crucial role in Wo K ,n(A). 
The first is the Teichmiiller lift [_], which is multiplicative and given by : 

[_] : oeiH[a] = (a,0,0,...)e% iI (i). 

The second is the Frobenius map F, defined uniquely by the polynomials F n intro- 
duced above. Precisely, as a consequence of Lemma [LHJ one can prove that this is the 
unique endomorphism of the ©^--algebra Wo k ,tt(A) that satisfies : 

V(a n )n € W OK ,AA), r A (F(a , ai ,...)) = (a W ,a i2 \...} . 

As noticed in [12], these two maps do not depend on it, in the sense that they 
commute with the isomorphism u n7r i for any other uniformising element n'. 

The last map is the Verschiebung map V n and it is additive : 

€ W Dk A A ) ^ (0,a ,ai,...) € Wo K ,A A ) ■ 

Contrary to the others, this map depends on the choice of n. Precisely, V n > = ^K-- 
Note also the relation r^(V r vr (ao, ai, ...)) = (0, ira^ , ira^ 1 ' , . . .}. 

These maps satisfy the following properties, most of which can be proved after 
being translated to ghost components using Lemma 11.81 : 

Proposition 1.10 (([ID]. Thm. 6.17), ([12], §5.1)) Let A be an K -algebra, we 
have : 

i. The composed map FV n is the multiplication by tt in Wo K ^(A), whereas the 
composed map V n F is the multiplication by (0, 1,0,0, ...). When A has ir-torsion, 
these two operations correspond to each other. 

ii. For every a = (a ,ai,...) € Wq Kj7T (A), we have F(a) = a q mod irWo Ki - !T (A), 
where a q is the q-th power of a in Wo K ,n(A) and ttWo k ,-k(A) is the ideal generated 
by 7r(l, 0, 0, ...). Moreover, if F(a) = (ato, a±, ...), then a n = ak mod ttA for all 
n > 0. 

Hi. If l/k is a finite extension, then Wq k ,-k{1) is the ring of integers of the unique 
unramified extension L/K with residue field extension l/k. 

Remark 1.11 In the language of Hazewinkel, these ramified Witt vectors are "un- 
twisted". In his paper ]1C^ . Hazewinkel describes the functor of even more general Witt 
vectors, called "twisted ramified Witt vectors", from a formal group law approach based 
on the functional equation lemma. These Witt vectors are obtained from the ramified 
Witt vectors by twisting the Teichmiiller lift with some Lubin-Tate formal group law. 
Such a twist is necessary for Hazewinkel to describe all ramified discrete valuation rings 
with not necessarily finite residue fields. See also Section 5.1.2 of U2f for a twisted 
version of ramified Witt vectors. 
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Link with standard Witt vectors. 

Let A be an Ox-algebra. When K = Q p and tt = p, the ramified Witt Z p -algebra 
Wz PtP (A) is, as a ring, the ring of standard Witt vectors W(A). In particular, one can 
prove the following (see, for example, the end of Paragraph 5.1 in |12j ) : 

Proposition 1.12 Let Kq denote the maximal unramified subextension of K/Q p . If 
A is a perfect ¥ q -algebra, there is a canonical isomorphism : 

W OK ,M) -> W(A) ®o Ko O k , 

under which the Teichmiiller lifts correspond to each other, and the Frobenius map in 
Wo K is sent to ® Id, where f is the residue index of K/Q p and F denotes the 
standard Frobenius map in W(A). 

2 The power series Sp n (X) 

In this section we prove Theorem [H the core result of the paper. 

2.1 Specific Witt vectors 

Recall that p is a prime number and K is a finite extension of Q„, with valuation 
ring, valuation ideal and residue field denoted by Ox, Vk and k respectively. We let 
q = card(/c) and fix a uniformising parameter tt of Ok- In this section, we follow 
[191 §2.1], but in our more general setting, in order to construct some specific ramified 
Ox-Witt vectors with useful properties. 

We fix a formal power series P G such that 

P(0) = and P(X)=X q mod ttO k [[X}] . (4) 

This series defines an endomorphism of Ox-algebras : 

a P : O k [[X}} O k [[X\] 
h(X) i — ^ h(P(X)) 

with the property u P {h) = h q mod 7rOx[[X]] for all h G O k [[X}\. 

The following lemma is a straightforward generalisation of the first statement of [1 , 
Ch.IX, §1, Exercise 14] to ramified Ox-Witt vectors : 

Lemma 2.1 There is a unique homomorphism of Ok -algebras 

S P : O k [[X\] — > W 0k AO k [[X}]) 
h h-> S P (h) 

such that, for every h G Ox[[^]] ; the ghost vector of Sp(h) is given by 

(h(x),h(P(x)),h(P(P(x))),...) e o K [lx]f>-° , 
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i.e., such that the n-th ghost component of Sp(h) is a p {h), for every n > 0. 

Moreover, the homomorphism of Ok -algebras Sp is also characterised by : 

F(S P (h)) = S P (h(P)) . 

Proof. According to Lemma 11.81 since the C_R--algebra A := has no n- 

torsion and is endowed with the map op, its ghost map Y a '■ W(A) — > A^° is in- 
jective, and each sequence (h(X), h(P(X)), h(P(P(X))), ...) is clearly in the image of 
r^. Therefore, for every formal power series h G A, there is a unique Witt vector 
S P {h) G W OK ,n(A) with ghost components (h(X), h(P(X)), h(P(P(X))), ...), thereby 
proving the existence of the map Sp. Finally, we prove that this is a homomorphism 
of O^-algebras after translating the properties of such a homomorphism in terms of 
ghost components, according to Lemma 11.81 

The last assertion is an easy consequence of the definition of the map F by the ghost 
components. ■ 

Now, let L be a finite extension of K. We denote by Ol the valuation ring of 
L, and by I its residue field. Let a G Ol be such that v p (a) > 0. By functorial- 
ity, the specialisation C7^[[X]] — > Ol, given by X t-t a, provides a homomorphism 
W / o A ',7r(C ) -^[[^"]]) ~~ ^ Wo k ,tt(Ol). For every such element a G Ol and every formal 
power series h G we shall denote by Sp ja (h) the specialised Witt vector of 

Wo k ,tt(Ol) which is the image of h via the composed homomorphism 

Sp X i—)- a 

O k [[X}} — > Wo K A<D K [[X]}) — )■ W 0k ,AOl) . 

In particular, note that the ghost vector of Sp :a {h) is (h(a),h(P(a)),h(P(P(a))), ...}. 

The following proposition is a key ingredient for what follows : 

Proposition 2.2 Let h(X) = X^i>o a i^ % ^ e a formal power series in Ok[[X]], let 
a G Ol with v p (a) > and write Sp ta (h) = (ao,cti,...) G Wo k ,w(Ol)- Then, the 
following statements hold : 

i. oq = if and only if v p (cti) > for all i > ; 

ii. if ao 7^ 0, then v p (ao) = rv p (-7r) if and only if v p (ai) > for all < i < r and 
v p (a r ) = 0. 

Proof. We follow Pulita's proof of Lemma 2.2 in (|19j. Sect. 2.1). The two assertions 
can be recovered through the equivalence of the two following statements 

(a) v p (a ) = rv p (7r) , 

(b) VtOLi) > for all < i < r, and v p (a r ) = , 

including the case r = +oo, corresponding to ao = 0. 

Given k > 0, condition 2 is equivalent to v p (a^) = and v p (a^) > for all 
i < r, which is again equivalent to condition 2 applied to the Witt vector F k (Sp ta (h)) 
according to the assertion iii of Proposition 11.101 
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We write (A)> A, •••) f° r the components of the Witt vector F k (Sp ta (h)). Its ghost 
vector is (h(P( k \a)), h(P( k+1 ^ (a)), ...}, where pW denotes the polynomial P composed 
i times. 

Since v p (P(a)) > inf(qv p (a) , v p (tt) +v p (a)) > v p (a) > 0, we have that v p (P^(a)) -> 
+00 as — ?> +00. In particular, if k is big enough, then v p {h{P^> (a))) = f p (ao) for 
all i > k. Therefore, for such value of A;, the relations between the components of 
F k (Sp,a{h)) and its ghost components give us : 

tffy = h{P^ +k \a)) - (#f + vr/3f _1 + ... + tt^ 1 /^) Vj > . 

We thus see, by iteration on j > 0, that v p (ao) = rv p {ir) if and only if v p {j3j) > for 
all j < r and v p {(3 T ) = 0, thereby proving the assertion. ■ 



2.2 Formal group exponentials 

Again, K is a finite extension of Q p , with valuation ring Ok and residue field k. We 
write card(A;) = q for some power q of p. We fix a uniformising parameter 7r of Ok- Let 
P G T-n be some Lubin-Tate series with respect to 7r, and denote by Pp € Y]} 
the unique formal group which admits P as an endomorphism (see Subsection II .lj) . 
By the functional equation lemma (assertion 3 of Proposition 1.6), there exists a for- 
mal power series g € with the coefficient of X equal to 1, and such that 
F P {X,Y) = f- l {f g {X) + f g (Y)), where f g G XK"[[X]] is given by Hazewinkel's func- 
tional equation construction applied to g, with uniformising parameter tt and residue 
cardinality q. Moreover, its composition inverse f~ l G equals the exponential 
exp Fp of the formal group Fp : 

fg 1 = exp Fp . 

Now let h(X) = X G Hazewinkel's functional equation construction 

x q x q2 

applied to h, it and q then gives us fh(X) = X -\ 1 ^- -I , and according to 

assertion 2 of Theorem 1.5, we have f~ l (fh{X)) G XO^[[X]]. Therefore, we can make 
the following definition : 

Definition 2.3 Let P G ©^[[X]] be a Lubin-Tate series with respect to tt. We define 

( X q x qZ \ 
Ep(X) := exp Fp I X + — + — + ■■■ \ £ XO K [[X]] . 



Notation 2.4 Let F be a formal group which endows a set A with a group structure 
under the action +p. We use the following sigma notation to denote the composition 
of multiple elements of A using the group law + p : 

F 

a j = a jo +F Ojo+l +f \~F a jn , 

j0<j<jn 
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where jo € Z>q and j n € Z>q U {oo}. Analogously to usual sums, the limits of infi- 
nite formal group sums might not always exist, and when they do, they might not be 
contained in A. 



Let L be a finite extension of K. We provide the group X0£,[pf]] with the U X- 
adic" topology induced by that of 0l[LY]]. By what precedes, if A = (Ao,Ai,...) G 

F P 

Wo k ,tt(Ol), the sum with respect to the formal group law Ep(\jX qi ') defines a 

0<?'<oo 

formal power series in X0i[LY]]. Generalising the Artin-Hasse exponential relative to 
ramified Witt vectors by the use of formal groups, we thus define : 



Definition 2.5 For every A E Wo k ,-k(Ol), the generalised Artin-Hasse exponential 
relative to A and P is 

Fp ( Xt Xi 2 \ 

E P (X,X):= E P (\ j X*) = exp Fp A^X + A«— + A( 2 )^- + ... \ e XO L [[X}] . 

0<j<oo V IT IT J 



We then fix another uniformising parameter for Ok, denoted by ir' , and let Q € 
Ox[[X]] be a Lubin-Tate series with respect to ir' . We fix a coherent set of roots {wj}j>o 
associated to Q(X), i.e., a sequence of elements of Q p such that uj\ ^ 0, Q{oj\) = 
and Q{uJ i+ i) = oji. 

We also fix n > 1 and let L = K^i^ be the nth Lubin-Tate extension of K with 
respect to it'. We note that Ol = Oxi^n}- Let h(X) = X. Since ir and it' generate 
the same ideal in Ok, the polynomial Q satisfies Identities HI In particular, according 
to Lemma [L8l and Section [271] the Witt vector Sq^Qi) is well defined in Wq Kj7T (Ol) 
for every n > 1, and it is the unique Witt vector in Wo k ,-k{Ol) with ghost vector 
(w n ,w n _i, ...,wi,0, ...) E O l -°. 

Definition 2.6 We define 

E% n {X) := E P (S Q , Un (h),X) € XO L [[X}} , 
forh(X) = X eXO L [[X}]. 

As an interesting consequence of the properties of these power series, we can give 
an improvement to the known bound for the radius of convergence of the formal group 
exponential exp Fp (X). 

Proposition 2.7 The power series exp Fp (X) converges on the disc {x € C p : v p (x) > 
^/ e K(Q — I)}? where ex = v n (p) denotes the absolute ramification index of K if v n is 
the discrete valuation on K such that v n (Tr) = 1. 
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Proof. First, with h{X) = X, we know exp^i^X) = E P (S Q)0J1 (h), X) = E^X) 
is a formal power series with integral coefficients, so it converges at any element x G 
C p with strictly positive valuation. We know that v p {oj\) = l/(q — l)ex as oj\ is 
a uniformising parameter for K n > t x, therefore exp Fp (x) converges whenever v p (x) > 
l/(q-l)e K . M 

Remark 2.8 The only bound of the radius of convergence of exp Fp (X) known to the 
authors was that given by Frohlich in /7, Ch.IV, Thm 3], which he accredits to Serre. 
This bound was — 1), so our bound improves this result for all K ^ <Q p . For 
K = Q p and P{X) = (X + l) p — 1, we obtain exp Fp (X) = exp(X) — 1 and we see that 
this bound is optimal. We conjecture that this bound is in fact optimal for all choices 
of K and P. 

One crucial argument in the proof of Theorem [1] will be provided by the following 
lemma : 

Lemma 2.9 Let h(X) = X. For every A = (Ao,Ai,...) G Wo k ,-k(Ol), the following 
equality holds ; 

F P 

E P (S Q , Un (h)X,X)= E E p,n-j(^X qJ ) ■ 

0<j<n-l 

Proof. On the one hand, using Definition 12.51 and the multiplicativity of the ghost 
map for ramified Witt vectors, we get successively : 

E P (S Q ^ n (/OA, X) = exp Fp (cj n X^X + ^ n _i A« ^ + • • • + Ul X^ ^ 

- exp Fp I Lo<i<n-i w n-iLo<i<( A j 

- /V \i k xqj+k 

- ex PF P I 2^0<j'<n-l 2^0<k<n-l-j ^n-j-kAj n k 

On the other hand, using Definition 12. 6| Definition 12.51 and Identities El we also 
get : 

Fp Fp 

E E P,n-^X q3 ) = E E P {S Q ,^{h)^ Xqi ) 
0<j'<n-l 0<j<n-l 

Fp x qj+1 

= ^ expppiUn-jXjX 93 + W n _j_lA] 1 hWlA^ 

0<j<n-l 

_ /v-^ v-^ \q k Xl j + k \ 

— ex PFplZ^O<j<n-l 2^0<k<n-j-l ^n-j-k^j n k J; 

thereby proving the desired equality. ■ 



Proposition 2.10 Let h(X) = X G Ok[[X]]. For every Witt vector X= (A , A 1; ...) G 
Wo k ,tt(Ol)> if Vp(Xi) > for all i G {0, ...,n}, the series Ep(SQ tU!n (h)X, X) is over- 
convergent, i.e., it converges on the closed disk B = {x G C p , v p (x) > 0}. Moreover, 
Ep(Sq u n (h)X,x) has strictly positive valuation for all x G B. 
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Proof. According to Lemma \2.9\ the series Ep(SQ j0Jn (h)X, X) is a finite sum with 
respect to the formal group law Fp. Therefore, it is over-convergent if and only if each 
term of the sum is over-convergent and has strictly positive valuation when evaluated at 
x G C p with v p (x) > 0. But this is a consequence of the property that Ep n _-{XjX q ) G 

XjX q3 Ok[[X]]. The last assertion is therefore trivial. ■ 



2.3 Proof of Theorem Q] 

We can now prove our main theorem on the properties of the formal power series 
Proof of Theorem Q3 

Part 1. According to identity [2] of Subsection ll.il we have 



7P 
vi=0 



= exp_p p (7Tu; n+ iA) +i7 p exp F } w n+ i_i tt — r 

= ex.p Fp (iru} n+ iX) + F Ep(S QtLUn+1 (h)X,X) (5) 
with h(X) = X and A = 5q, Wb+1 (/) for /(X) = ^ - vr. 

We have to prove that each term in this sum is over-convergent and has strictly 
positive valuation when evaluated at some x G C p with v p (x) > 0. 

We write A = (Ao, Ai, ...). First, the constant term of f(X) is tt' — tt. Therefore, if 
tt = tt' mod then v p (\i) > for all i G {0, n} by Proposition ^. 2i So, accord- 

ing to Proposition 12.101 the series Ep(SQ )iJn+1 (h)X, X), which lies in A0xK+i][[A]], 
is over-convergent and has strictly positive valuation when evaluated at any x with 
v p (x) > 0. 

On the other hand, we know from the proof of Proposition 12.71 and Definition 12.61 
that exp F (uiX) € A'0^:[a;i][[A']]. Substituting X with (nuj n+ i/uji)X and noting that 
v p (tt) > v p (ui), we then see that the series exp Fp (7ru; n+ iA') belongs to {iTUj n+ i / u\)XO xi^n+i] [[X]} 
In particular, it is over-convergent by Proposition 12. 7\ and it has positive valuation 
when evaluated at any x with v p (x) > 0. 

Therefore, the series £$ n {X) lies in XO K [w n +i][[A']], and thus in XOA'[w n ][[I']], 
since it belongs to ^^^[[X]] by definition. Moreover, it is over-convergent if tt = tt' 
mod V% +1 , thereby proving Part 1. 

Part 2. 

In Part 1, we saw that exp Fp (-KUj n+ iX) G {rTu n+ i / u!\)XO K[^n+i\[[X\\. We know 
that Vp(TTUj ri+ i/uji) > v p (uj n ), therefore using expression ([5]) above and the fact that 
F P G O k [[X,Y}] we are left with showing E P (S Q>UJn+1 (h) X,X)=uj n X mod uj 2 n XO K [uj n+l ][[X)]. 
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Let Ol be the valuation ring of some finite extension L of K. Let v = {vi)i G 
Wo k ,-k{Ol) and suppose that, for some j, v p {vi) > v p (vj) for all i £ Z, In Definition 
12.31 we saw that Ep(X) G Therefore, from Definition 12.51 and the fact that 

Fp(X,Y) has integral coefficients, we see that Ep{v,X) G 

In particular, let L = K{uj m ) = K n > <m for some m with < m < n. For 
v = SQ^ m (X), we know from Proposition 12.21 that v p {vi) > for all i. As v G 
Wo K )7 r(Oi<:[wm]) w e must then have v p {vi) > v p (uj m ) for all i, and so 

E%{X) = Ep(S P ^(X),X) G . 

Recall from Part 1 that A = (Aj)j = SQ tUJn+1 (f) with /(X) = — ^ an d that 
^p(Ai) > for all i G {0, ...,n}. Therefore, for i G {0, ...,n} we have v p (Xi) > v p (oj n +i), 
as A G Wo K y{OK[^n+i])- We then have 

Ep n+1 _j{XjX q ^) G \jbJ n+ i^jXOK[u n +i-j][[X]] . 

For all 1 < j < n we have v p (XjLJ n +i-j) > v p {uj n ) and from Lemma 12.91 we know that 

F P 

Ep{S P ^ n+l (X)\X)= £p,n+i-A^) • 

0<j<n 

It is therefore sufficient to prove that Ep n+1 (Ao-X") = ui n X mod uj n uj n+ iOK [<^n+i] [[X] 
By definition the coefficient of X in the formal group exponential exp^ p (XT) is equal 
to 1. Therefore, if 

(vq XI™ \ -\ 

u n+ ix+uj n — i — hwi— —j = a i x% ' 
n ^ ' i>l 

then a\ = 0J n +\. Recall that a» G w n+ iO^-[a; n+ i][[X]], thus 

E^ n+1 (X X) = ai X X mod u n+1 X 2 O K [uj n+1 [[X}} 

= u n+ iX X mod aj n+ iXlOK[u n +i][[X]} . 
By definition, we see that Ao = A^ ) = f(ui n+ {) = u> n /u> n+ i — tt, and so 

E p,n+i( X ) = u n X mod {uj 2 n /u n+l )0 K [u n+ i][[X\] , 
which proves the result since v p {u) n ) > v p (uj n+ i) and since £p n G IO/f[w n ][[X]]. ■ 



3 Applications 

We recall that p is a rational prime, K is a finite extension of Q p , tt and tt' are 
uniformising parameters of Ok and q is the cardinality of the residue field of K. We 
let P G J- w (resp. Q G F^i) be Lubin-Tate series with respect to tt (resp. tt'), and 
Fp(X,Y) (resp. Fn(X,Y)) be the unique formal group with coefficients in Ok that 
admits P (resp. Q) as an endomorphism. 



19 



3.1 Lubin-Tate division points 

Since the extensions K nn are finite and abelian over K for all choices of n and ir, we 
have K n / jn = K n ^ n exactly when their norm groups are equal [25, Appendix, Theorem 
9]. An exact description of the norm group N Kit n / K (K* n ) was computed in [TTj 
Proposition 5.16]. Namely, N Kn n / K (K^ n ) = (tt) x 1 -\-V\. This implies K n ^ n = K n i >n 
if and only if tt = tt' mod 

We now prove Proposition [IJ which shows how values of the power series £p n (X) 
give expressions for any nth Lubin-Tate division point with respect to P in terms of 
nth Lubin-Tate division points with respect to Q whenever tt = tt' mod ■ 

Proof of Proposition Q3 We assume that tt = tt' mod Vk +1 - We proceed by 
induction on m, with < m < n. 

From Identities [2] and [3] of Subsection ll.il we have 

Mp^X)) = [7r]p(exp Fp ( Wl (X-X«))) 
= exp Fp (7r Wl (X-X' ? )) 
= exp Fp (7ro;iA") - Fp exp Fp (7ro;iA" 9 ) . 

From Proposition 12.71 we know that exp Fp (X) converges on the disc {x E C p : 
v p (x) > l/eic(q — 1)}. Also, in the proof of Proposition 12.71 and according to Def- 
inition [2J2 we saw that expp p (o;iAT) € XO^[wi][[J]], and so expp p (7rwi) will have 
positive valuation. We can therefore evaluate both the left and right hand side above 
at 1 and get : 



Wp (^p,i(1)J = exp Fp (vro;i) - Fp exp Fp (vrwi) = . 

Therefore, Sp^l) is a [-7r]p-division point. Moreover, from Theorem [T] Part 2 we know 
that £ F1 (X) = u)\X mod cjjX0x|k>i][[-X~]], and so this division point is primitive. 

Now let k < m and assume the result holds for m = 1, . . . k — 1. Again, using 
Identities [2] and El we have 




. V- 7TCJ m ^i(X1 -XI 

ex Ppp z> — 



7T 
i=0 




exp Fp TTUj m (X -X q ) + 2^ — 



i=l / 

(m— 1) — 1 ,„_<+! i+2 N 



exp Fp ncj m (X -X") + £ (m 1} - 

\ 8=0 7F 

exp Fp (7ra; m X) - Fp exp Fp (TTUJ m X q ) + Fp £® m l (X q 
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From Theorem [I] Part 1 we know that if ir = n 1 mod V 1 ^ 1 , then £p m _ 1 (X Q ) is 
over-convergent. From Proposition 12.71 we know that exp Fp (X) converges on the disc 
{x € C p : v p (x) > 1/exiq ~ !)}■ Therefore, all the power series on the right hand 
side of this equation are overconvergent. Also, expp p (7ru; m ) and £p m _ 1 (l) both have 
positive valuations, so the formal group operations on these values are well defined. 
We can therefore evaluate both the left and right hand side at 1 : 

{ £ p,mO-)) = exp Fp (vra; m ) - Fp exp Fp (7rw m ) + Fp £p^ m _ x (l) = • (6) 

By the induction hypothesis, we know that £'p m _ 1 (l) is a primitive [7r m_1 ]p-division 

point and therefore £p m (l) is a primitive [7r m ]p-division point. Part 1 now follows by 
induction. 

Part 2 then follows directly from Part 1 and Equation [6] above. ■ 



3.2 Galois action on Sp n (l) 

From Proposition [T] we know that K nin = K(£p n (l)). We will now give a complete 
description of how Ga^K^^/K) acts on £p n (l). 

We know that £p n (l) is a primitive nth Lubin-Tate division point with respect to 
P. From standard theory (see §6-7], specifically Theorem 7.1) we know that the 
elements of Ga\.{K n ^ n / K) are those automorphisms such that £p n (l) i-> [u]p(£p n (l)), 
where u runs over a set of representatives of 0^/(1 + V 1 ^), for example 

(n-l "I 



^2 zy : Zi S U {0}, z + 



. i=0 



We now prove Proposition [21 which gives us a complete description of Gal(K n n /K) in 
terms of values of our power series. 

Proof of Proposition [2], From the definition of £p n (X) and Identity [3] of Subsec- 
tion [LTJ we have 

8=0 8=0 V V 8=0 / / 



7P 

v j=o y 8=q 

Using Identity [2] and the observation that Zj = Zj for all i and j, we then see that 
this is equal to 

E expjg ^fe^-^) ) . (7 ) 

0<j<n-l \i=0 " / 
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We now develop each term of this expression. For all 1 < j < n — 1, we get : 



'g u: n _ t {{z 3 Xr - {z 3 xy +1 ) \ (8) 



exp F 



vi=0 



= exp ^ L ^-j + L ^ — 

y i=o i=j 

Fp 

= £% n _ 1 ({z j xy ] )+ Fp (expp^^u^ZjX^-FpexpF^^Un^zjX^ 1 )) . (9) 

0<i<j-l 

Similarly to before, from Theorem Q] Part 1 we know that if ir = tt' mod , 
then fp n _ j .(X) is over-convergent for all < j < n — 1 and therefore, £p n _j((zjX) qJ ) 
is over-convergent for all < j < n — 1. From Proposition 12 . 71 we know that exp^ p (X) 
converges on the disc {x € C p : u p (x) > l/eK(q — 1)}- Therefore, all the power series in 
([9]) are over-convergent. Also all the power series in ([9]) have positive valuations when 
evaluated at 1, so we can use formal group operations on these values. Evaluating ([9]) 
at 1 we get £p n _j(zj). Combining this with ([7]) we then get 

71-1 

E^p^nCL)) =£% n {z Q )+F P £% n ^{z 1 )+F p ...+F P £% 1 {z^ 1 ) . 
i=0 



3.3 Local Galois module structure in weakly ramified ex- 
tensions 

As mentioned in the introduction, one of the main motivations for the generalisation 
of Dwork and Pulita's power series has come from recent progress with open questions 
on Galois module structure. 

First, let E/F be a finite odd degree Galois extension of number fields, with Galois 
group G and rings of integers Oe and Of- From Hilbert's formula for the valuation 
of the different ^e/f ([21], IV, §2, Prop. 4), we know that the valuation of T>e/f will 
be even at every prime ideal of Oe and we can define the square-root of the inverse 
different Ae/f to be the unique fractional Og-ideal such that 

A 2 , - D _1 

-H-E/F ~ ^ E/F ' 

Erez has proved that Ae/f is locally free over 0f[G] if and only if E/F is at most 
weakly ramified, i.e., the second ramification groups are trivial at every prime [6] ; 
however, the question of whether Ae/f ls f ree over %[G] still remains open. The tame 
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case has been solved by Erez [6]. Now, it is possible for weakly ramified extensions to 
be wildly ramified, and here new obstructions arise. 

Using Frohlich's classic Horn- description approach, see [8], it is possible to reduce 
this problem to carrying out calculations at a local level. The key to these local 
calculations is to have an explicit description of an integral normal basis generator for 
the square-root of the inverse different in weakly ramified extensions of local fields. 
It is also possible to reduce this problem further to considering only totally ramified 
extensions (see (BJ §6] and [18J §3]). 

Precisely, let M be the unique degree p extension of Q p contained in Q P (C P 2 )] this 
extension is totally, weakly and wildly ramified. First, in [5], Erez proves that the 
element 

1+Tr Qp(C p 2)/M(Cp2) 

p 

is an integral normal basis generator for the square-root of the inverse different of 
M/Qp. In [23], Vinatier uses Erez's basis to prove that A-e/f is f ree over ^[G] with 
F = Q whenever the decomposition group at every wild place is abelian. Then, in [16J, 
Pickett uses the trace map and special values of Dwork's power series to generalise 
Erez's basis to degree p extensions of an unramified extension of Q p that are contained 
in certain Lubin-Tate extensions. In [18J, Pickett and Vinatier use Pickett's bases to 
prove that Ae/f 1S f ree over ^[G] under certain conditions on both the decomposition 
groups and base field. 

Following these results, we shall give explicit descriptions of integral normal basis 
generators for the square-root of the inverse different in abelian totally, weakly and 
wildly ramified extensions of any finite extension of Q p . 

Another application is concerned with the Galois module structure of the valuation 
ring over its associated order in extensions of local fields. Precisely, let L/K be a finite 
Galois extension of p-adic fields, with Galois group G. We denote by Ok C Ol the 
corresponding valuation rings, and by %l/k the associated order of Ol in the group 
algebra K [G], that is 

%l/k = {A G K[G] : XO L C O l }. 

This is an Ox-order of 2f[Cr], and the unique one over which Ol could be free as a 
module. When the extension L/K is at most tamely ramified, the equality ^l/k = 
Ok[G] holds, and Ol is Sl^/^-free according to Noether's criterion. But when wild 
ramification is permitted, the structure of Ol as an 2l£/£—module is much more difficult 
to determine (see, e.g., [22] for an exposition of recent progress in this topic). A p-adic 
version of Leopoldt's theorem asserts that the ring is %L/K-^- iee whenever K = Q p 
and G is abelian. However, the field Q p is actually the only base field which satisifes 
this property. One extension of this result is due to Byott ([2], Cor. 4.3): If L/K is 
an abelian extension of p-adic fields, then Ol is free as a module over its associated 
order ^l/k whenever the extension L/K is totally and weakly ramified. We shall 
construct explicit generators of the valuation ring over its associated order in maximal 
abelian totally, weakly and wildly ramified extensions of K, using the description of 
such extensions that comes from Proposition 13.11 below. 



23 



These applications are closely related to each other. Their content is resumed in 
Theorem [21 which we prove in this section. 

Again, we denote by K a finite extension of Q p , with valuation ring Ok, maximal 
ideal Vk, and residue field k. We write cavd(k) = q. Let tt be a uniformising parameter 
of K. By standard theory we know that the Lubin-Tate extension K^p/K is abelian 
and that [K n ^ '■ K] = q(q—l). We can therefore define M n> 2 as the unique sub-extension 
of K^^/K such that [M^p '■ K] = q. The following result is a direct consequence of 
Theorem 1 . 1 of [T7j , however the present paper was not published at the time of writing, 
so we include another proof. 

Proposition 3.1 Every maximal abelian totally, wildly and weakly ramified extension 
of K is equal to M n> 2 for some uniformising parameter tt. 

Proof. Let M be an abelian totally, wildly and weakly ramified extension of K. From 
[21 Lemma 4.2], M must be contained in for some tt. Since it is of degree a power 
of p over K, it is thus contained in M n ^- 

Now, the extension M^^/K is clearly abelian totally and wildly ramified. We are 
thus left with proving that it is weakly ramified. Since this extension is totally and 
wildly ramified, the numbers —1 and are neither lower jumps, nor upper jumps. By 
standard Lubin-Tate theory (see §7), we know that the jumps of K^^/K occur 
at and 1 in the upper numbering. Therefore, by Herbrand's theorem, 1 is the only 
upper jump (and so lower jump) of M^p/K, as required. ■ 

We can now prove Theorem [21 

Proof of Theorem [2l As M^^/K is totally ramified and of degree q, we know that 
e(M n 2/K) = q. Therefore, from [21 Theorem 1] we know that any element of 
with valuation 1 must be a generator of Om^ 2 over its associated order in M^^/K, 
and from [24} Corollary 2.5(i)] that any element of M^ i with valuation 1 — q must be 
an integral normal basis generator for Am„ 2 /k- Therefore, it suffices to prove that the 
trace element Tr Kiv2 / M {£p 2 (l)) is a uniformising parameter of M W: 2- 

First, the polynomial f{X) := P ^^^ is of degree q(q — 1), and it is irreducible 

since it is Eisenstein over K: Indeed, f(X) = P(X)i- 1 + YX=l ^P^Xy- 1 + vr and 
each Oj is divisible by n because P is a Lubin-Tate polynomial. Therefore, since 
f(£p 2 (l)) = 0, / is the minimal polynomial of £p 2 (l). Thus, Tr KiT 2 / K (£p 2 (l)) is the 

coefficient of X^- 1 ^ 1 in f(X), i.e., Tr Kv2 / K (£^ 2 (l)) = (q - 1) a g _i. In particular, 

Tr Kn 2 / K (£p 2 (l)) has valuation 1 in K. 

Now, we denote by d the valuation of the different of the extension M^^jK. Ac- 
cording to the characterisation of the different [211 Ch. Ill, §3, Prop. 7], we have 
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where [^J denotes the largest integer n with n < x. 

Since the extension M^^/K is totally and weakly ramified of degree q, we have 
d = 2(q — 1), by Hilbert's formula for the valuation of the different. In particular, for 
i = 2q — 1, the previous relation gives the identity Tr Mw 2 /k{T ) m 1t 2 ) = ^k, and for 
i > 2q, it proves that Tr M7T 2 / K (V\^ 2 ) C V 2 K . 

On the other hand, since the extension 2 is tamely ramified, and because 

£p 2 (l) is a uniformising parameter of K n> 2 by Theorem 2, we know that the element 
Tr K^, 2 /M^, 2 {E%{l)) lies in P Mn ,2- 

Now, from the transitivity of the trace we also have 

Tr K^^K{£p t2 iX)) = Tr M^ 2 /K{Tr K ^ 2 / AUt2 {£^ 2 {\))) , 

and so, we can conclude that Tr Kw 2 /m^ 2 (^p 2 (-0) * s indeed a uniformising parameter 
in the field M Tj2 . ■ 



We shall close this paper with the following corollary to Theorem [2j which gives 
explicit integral normal basis generators for the square root of the inverse different in 
every abelian totally, wildly and weakly ramified extensions of K. 

Corollary 3.2 [Corollary to Theorem Let M be an intermediate subfield of the 
extension M^^/K. Let a^p, equal either — K ^^ /M ^ p ' 2<y ^ or — ^2/m_ )) *? ^ 
Then, a n> 2 is an integral normal basis generator for Am/k- 

Proof. This follows directly from Theorem [2] and (|24|. Corollary 2.5(h)). ■ 
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